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Abstract 

We present a simple condition which guarantees a geometric convolu- 
tion algebra to behave like a variant of the quasi-hereditary algebra. In 
particular, standard modules of the affine Hecke algebras of type BC, and 
the quiver Schur algebras are shown to satisfy the Brauer-Humphreys type 
reciprocity and the semi-orthogonality property. In addition, we present 
a new criterion of purity of weights in the geometric side. This yields a 
proof of Shoji's conjecture on limit symbols of type B [Shoji, Adv. Stud. 
Pure Math. 40 (2004)], and the purity of the exotic Springer fibers [K, 
Duke Math. 148 (2009)]. Using this, we describe the leading terms of 
the C°°-realization of a solution of the Lieb-McGuire system in the ap- 
pendix. In [K, arXiv: 1203.5254], we apply the results of this paper to the 
KLR algebras of type ADE to establish Kashwara's problem and Lusztig's 
conjecture. 



Introduction 

In representation theory of an algebra associated to a root datum, study of a geo- 
metric convolution algebra plays a major role. Introduced by Ginzburg [Gin85] 
in his study of affine Hecke algebras, it appeared in the study of the affine 
Hecke algebras [Lus88, Ari96, CG97, K09, VVllb], the BGG categories [Soe90, 
BGS96, ABG, Schll], the Springer correspondence [CG97, Achll, Kllb, Ridl2], 
the quantum loop algebras [Nak06], the Khovanov-Lauda-Rouquier algebras 
[Zhe08, WeblO, VVlla], the quiver Schur algebras [VV99, SW11], and so on. 
Once appeared, it produces deep results in the spirit of the Kazhdan-Lusztig con- 
jecture [BB81, BK81] and the Koszul-Langlands duality [BGS96, SocOO, ABG]. 

However, not much is known about the standard modules arising from this 
geometric convolution algebra construction. From the viewpoint of highest 
weight category [CPS88] , standard modules should be indecomposable with sim- 
ple heads, they should filter projective modules, and so on. These are not a part 
of the general theory of geometric convolution algebras [CG97] §8, and even its 
indecomposablity is usually guaranteed by rather ad-hoc induction arguments. 



*This is a revised and strengthened version of the first part of the paper "PBW bases and 
KLR algebras" arXiv:1203.5254. We divided it into two pieces since we learned that this part 
were invisible in the previous version of the above mentioned paper. 
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Actually, several criteria which guarantee nice behavior of geometric convo- 
lution algebras are known [MV87, BGS96]. The problem is that many of the 
geometric convolution algebras arising from representation theory fail to satisfy 
such criteria. In particular, the resulting geometric convolution algebras rarely 
give rise to highest weight categories. 

The goal of the present paper is to introduce two simple geometric condi- 
tions (4) and (£) which cover some algebras which are not covered by previous 
results, and to deduce their representation-theoretic consequences. Such an 
analysis, together with its algebraic interpretations, yields a proof of Shoji's 
conjecture in this paper. In addition, it serves as a basis of our proofs of Kashi- 
wara's problem and Lusztig's conjecture in [K12b]. 

Let G be a connected algebraic group acting on a variety X over C with 
finitely many orbits {©a}a<eA labeled by A. Let ICa be the minimal extension 
of the constant sheaf on ©a. We assume the following three conditions: 

(4)2 For each A £ A, the G-orbit 0\ has a connected stabilizer G\; 

(X)'i For each A, /i £ A, the stalk of ICa along O m satisfies the parity vanishing; 

(4^)2 The natural map iJ^(pt) — > -ffJ A (pt) is surjective for each A £ A. 

Here we replaced the condition (Jfr)i with a weaker condition for the 
sake of simplicity. To such a pair (G, X) , we associate a convolution algebra 

A = A (G;X) := 0Ext^ (je) (L A B IC A ,i M M IC„), 

A,^i 

where L\ is a self-dual graded vector space for each A e A. For each A £ A, 
we have a simple graded A-module L\ and its projective cover P\ . Convolution 
algebras arising from the affinc Heckc algebras of type A [CG97], type BC [K09], 
the KLR algebras of type ADE [VVlla, K12b], the quiver Schur algebras [Lu90a, 
VV99], and the algebra which governs the BGG category [Soe90, BGS96] satisfy 
our (actual) assumption. By refining the technique developed in [Kllb], we 
prove: 

Theorem A (= Theorem 3.5). The global dimension of A is finite. 

This seems to be a new result for the quiver Schur algebras. For the KLR al- 
gebras, see [K12b]. For affinc Heckc algebras, such a result is known by Opdam- 
Solleveld [OS09]. 

Since we deal with a variety X, we have a closure ordering among G-orbits 
that we denote by -<. Let A-gmod be the category of finitely generated graded 
A- modules. We define 

K x :=P x /( and K x :=K x /( ]T Im/), 

where horn denotes the graded homomorphism and hom(M, Ny denotes the 
degree j-part of the homomorphism (for each M, N £ A-gmod). 

Theorem B (= Theorems 1.3 & 1.6 + Proposition 3.8 + Corollary 3.11). 
Under the above setting, we have: 
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1. Each K\ is a successive self-extension of K\. In addition, we have 

[K x :L X ] =gdim J ff s ' tabG(:CA) (pt); 

2. For each A,/i6A, we have 

ert? A {K\,K ll ) = {Q} if A^yu and 

I {0} (otherwise) 
where K* is the graded dual of regarded as an A-module; 

3. As an equality of graded character expansion coefficients, we have 

[Pa : Kp] = [K^ : L\) for every A,/i G A; 

4- We consider the positive characteristic analogue here. If the weight of A 
is pure, then the stalk of \C\ along is pure for every A,/ieA; 

5. //4) holds, then each P\ admits a filtration by {Kp.}^. 

Note that the non-zero map in Theorem B 2) has its image L\ since essen- 
tially the LHS is concentrated in degree > 0, and the RHS is concentrated in 
degree < 0. Also, Theorem B 1) implies the Cartan determinant formula of A 
(Corollary 3.12). 

For a graded A- module M, we define 

gchA/:= J2 t k [M:L X (k)}[X\, 

where [M : L\ (k)] 6 Z>o is the multiplicity of the grade k shift of L\ in M. 

Example C. Let G = PGL(3,C) and let X = Af be the nilpotent cone of 5(3. 
Let W be the Weyl group of G and let t be the Cartan subalgebra of 5(3. 
Then, we have A = C63 x C[t] with A° = C63 and deg t* = 2. We have 
A = {triv >- ref y sgn} and 

gchA' triv = [triv],gchir ref = [ref] +< 2 [triv], gch A" 5gn = [sgn] + (t 2 +t A ) [ref] +t 6 [triv]. 

In addition, we have 

i^ tm (pt) = C, H' G Jpt) = H' cx (pt) = C[r], and H' G Jpt) = C[t] 63 , 

where deg r = 2. Theorem B 3) yields the following expression of the graded 
multiplicity matrix [P : L] := ([P\ : L 7 ])a, 7 : 

[P :L] = [P: K][K : K][K : L] = *[K : L][K : K][K : L], 

where [P : K] and [K : K] are graded multiplicity expansion coefficient matrices. 
This reads as: 

1 t 2 + 1 4 t 6 

t 2 + 1 4 1 + 1 2 + 1 4 + 1 6 t 2 + 1 4 



(l_ t 4 )(1 _ t 6) I ^ t2+ti ' i 



10 
t 2 1 

t 6 t 2 + t 4 1 



(1 

(1 _ ti ) (1 _ tti) J 



1 t 2 t° 
1 t 2 + 
00 1 
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In [Slio04] 3.13, Shoji conjectured that his limit Green function of type B 
gives the graded character of a coinvariant ring of a Weyl group of type B. 
Combining the results of Achar-Henderson [AH08] with Theorem B and our 
previous results, we prove: 

Theorem D (Shoji's conjecture for type B = Theorem 5.3 + Corollary 5.6). 
Let G = Sp(2n, C) and let X = 9"l be its exotic nilpotent cone [K09] . Then, 
the modules K\ arising from A are coinvariant algebras of type B. In partic- 
ular, their graded characters are calculated by the Lusztig-Shoji algorithm. In 
addition, every exotic Springer fiber has a pure homology. 

Note that Theorem D also resolves [AH08] Conjecture 6.4. 

As a bonus of Theorem D, we prove that the graded modules appearing 
from the Licb-McGuirc intcgrablc systems [H097] arc exactly Shoji's coinvariant 
algebras in Appendix A. 

The organization of this paper is as follows: In the first section, we formulate 
two conditions (4k) and (Jit) and formulate our main results (Theorem 1.3, The- 
orem 1.5, and Theorem 1.6). In the second section, we make an induction using 
dg-modules to prove Theorem 1.3. In the third section, we prove Theorem A and 
other numerical consequences of Theorem 1.3 including the Brauer-Humphrcys 
type reciprocity and the Cartan determinant formula. In the fourth section, we 
prove Theorem 1.5 and Theorem 1.6. Finally, we prove Shoji's conjecture in 
the fifth section. The appendix is devoted to the analysis of the Lieb-McGuirc 
system. 

Theorem B 3) shows that we have two versions of standard modules and 
they are deeply incorporated into the formulation. In addition, two versions of 
standard modules actually differ in Example C. Therefore, our result mainly 
points different direction from that of Cline-Parshall-Scott [CPS88]. Also, there 
is a notion of affine cellularity due to K6nig-Xi [KX12], which provides a frame- 
work for algebraic results similar to ours. However, their algebraic conditions 
seem rather difficult to verify compared with our geometric conditions 1 . Con- 
sequently, their results are applicable only for a small part of the algebras we 
concern in this paper or in [K12b] (at least at this moment). 

Acknowledgement: The author is indebted to Masaki Kashiwara for helpful 
discussions and comments. He is also indebted to Yoshiyuki Kimura for helpful 
comments and pointing out some errors. He is also grateful to Ryosuke Kodera for 
his question which leads him to Theorem 1.5, Eric Opdam for suggesting him to 
study the material presented in Appendix A, and Wolfgang Soergel for suggesting 
him to study convolution algebras. 

Convention 

An algebra R is a (not necessarily commutative) unital C-algebra. A va- 
riety X is a separated reduced scheme Xq of finite type over some localization 
TLg of Z specialized to C. A G- variety is a variety with an action of a Cheval- 
ley group over Z5 on Xq specialized to C. As in [BBD82] §6 and [BL94], we 

1 For example, the combination of [K09] and §1 yields homological/catcgorical consequences 
parallel to the theory of affine cellular algebras for affine Hecke algebras of type BC with arbi- 
trary rank and arbitrary real parameters (while the affine cellularity of affine Hecke algebras 
of type BC is known only in rank two case with generic real parameters [GMlf]). 
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transplant the notion of weights to the derived category of (G-equivariant) con- 
structible sheaves on X. Let us denote by D b (X) (resp. D + (X)) the bounded 
(resp. bounded from the below) derived category of the category of constructible 
sheaves on X, and denote by D G (X) the G-equivariant derived category of X. We 
have a natural forgetful functor D G (X) — > D + (X), whose preimage of D b (X) is 
denoted by D b G {X). For an object of D G (X), we may denote its image in D b (X) 
by the same letter. 

Let vec be the category of Z-graded vector spaces (over C) bounded from 
the below so that its objects have finite-dimensional graded pieces. In partic- 
ular, for V = ©i>-oo^ 4 € vec, its graded dimension gdimy := ^V^dim^ G 
Z((£)) makes sense (with t being indeterminant). We define V (m) by setting 
(V(m))i :=V^ m . 

In this paper, a graded algebra A is always a C-algebra whose underlying 
space is in vec. Let A-gmod be the category of finitely generated graded A- 
modules. For E,F G A-gmod, we define hom.A(E, F) to be the direct sum of 
graded yl-module homomorphisms hom.A(E , F)i of degree j. We employ the 
same notation for extensions (i.e. cxt A (E,F) — ©j e zext^(F, Fy). We denote 
by I rr A be the set of isomorphism classes of graded simple modules of A, and 
denote by I rr A be the set of isomorphism classes of graded simple modules of 
A up to grading shifts. Two graded algebras are said to be Morita equivalent 
if their graded module categories arc equivalent. For a graded A-modulc E, we 
denote its head by hd E, and its socle by soc E. 

For Q(t) G Q(t), we set Q{t) := For derived functors RF or LF 

of some functor F, we represent its arbitrary graded piece (of its homology 
complex) by R*F or L*F, and the direct sum of whole graded pieces by R*F or 
L'F. For example, R*F = R*G means that WF ^ R*G for every i G Z, while 
R'F = E'G means that 0. WF ^ i WG. 

When working on some sort of derived category, we suppress R or L, or 
the category from the notation for simplicity when there is only small risk of 
confusion. 

1 The conditions (4b), (X) and main results 

Let G be a connected reductive algebraic group. Let X be G-variety. Let A 
be the labelling set of G-orbits of X. For A G A, we denote the corresponding 
G-orbit by Oa- For A, fx G A, we write A -< \i if Oa C O^. We assume the 
following property (^): 

(4)i The set A is finite. For each A G A, wc fix x x G O a (C); 

(♦)2 For each A G A, the group StabG(^A) is connected. 

We have a (relative) dualizing complex u>x '■= P ! C G -Dq(X), where p : X — > 
{pt} is the G-equivariant structure map. We have a dualizing functor 

D : D b G (X) op Hom'(C',uj x ) G D b G (X). 

Wc have D-autodual t-structure of D G (X) whose truncation functor and 
perverse cohomology functor arc denoted by r and P H respectively. In particu- 
lar, D induces an equivalence of categories t-° D G (X) op = t-°D g (X) and each 
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£ £ D b G (X) admits a distinguished triangle 

t <1 £ -^£^ r^ l £ t <1 £[1] 

for every i£Z. 

For each A £ A, we have a constant local system C A on 0> A . We have 
inclusions i\ : {x\} <-t X and j\ : Oa X. Let Ca := (jA)!C A [dimQ A ] and 
IC A := (jA)!*C A [dim© A ] be the extension by zero and the minimal extension, 
which we regard as objects of D b G (X). We denote by 

Ext G (.,.) : D h G {Xr x D b G {X) — ► £>+({pt}) 
Ext>,.) : D 6 (£)«* x D b (X) — » £» 6 ({pt}) 

the Ext (as bifunctors) of D G (X) and -D b (X), respectively. 

For each A £ A, we fix L\ £ D b (pt) which is not quasi-isomorphic to {0} 
and satisfying the self-duality condition L\ = LX . We set 

£:=0L a KICa €D b G (X). 

AgA 

By construction, we find an isomorphism C = 0£. 
We form a graded Yoneda algebra 

A iG , X) = ©^ (G ,3E) :=0Ext* G (£,£) 

whose degree is the cohomological degree. We denote by B^ GX ^ the algebra 
A(g,X) by taking £ = © Ag aJCa (and call it the basic ring of A^q^})- The 
algebra -B(g,£) is Morita equivalent to A^q^x), an d hence all the arguments in 
the below are independent of the choice of £, which we suppress for simplicity. 
We also drop (G, X) in case the meaning is clear from the context. We have 
Ext* (C,£) G D b (X), which implies dimExt*(£,£) < oo. By the Serre spectral 
sequence 

ff G (pt)® c Exf(£,£) =^Ext G (£,£) = A, (1.1) 
we conclude that A £ vec. 

Lemma 1.1 (cf. Joshua [Jos97] §6). The algebras A and B are isomorphic to 
their opposite rings A op and B op , respectively. In addition, the graded dual of 
L\ is naturally isomorphic to L\ as a graded A-module. 

Proof. The subalgebra 

end c (£ A ) H Ext G (IC A , IC A ) c A 

AgA 

is clearly symmetric and is the maximal semi-simple quotient of A. In addition, 
we have L* x = L\ as a graded vector space. Therefore, it suffices to prove the 
corresponding statement for B by utilizing the non-degenerate pairing L\ x 
L\ ->■ C. Here the Verdier dualizing functor D : D G (X) op ^ D b G (X) induces 
an isomorphism 

Ext G (IC A , IC M ) = Ext G (BIC Al ,BIC A ) = Ext G (IC A1 , IC A ). 

Since this isomorphism is compatible with composition, we deduce that B = 
B°p. □ 
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Thanks to Lemma 1.1, for a graded A- module M, its graded dual M* is 
again a graded A- module (which might not be finitely generated even M is). 
For each A € A, we set 

P x := Exf G (\C x ,£) = Ext l G (IC A , £). 

Each Pa is a graded projective left A-modulc. By construction, we have 

A = LI H Exf G (\C x ,£) = L A K P A 

AeA AeA 

as left A-modulcs. It follows that P\ is an indecomposable projective left A- 
module whose head is isomorphic to L\ . We have an idcmpotcnt e\ G A so that 
Pa — ^.e^ as left graded A-modules (up to a grading shift). 
For each A G A, we set 

K\ := Ext G (C x ,£) and K x := H'i l x £[6imO x ]. 

We call K x a standard module, and K x a dual standard module of A. By 
adjunction, the Serre spectral sequence takes the form 

E 2 = H' G (O x ) ® c K X S P s * t ab G (, A )({^}) ®c ^ A'a- (1.2) 

We consider the following property (Jit): 

(Jk)i The spectral sequence (1.2) is ^-degenerate for each AeA; 

(Jl>) 2 The inclusion Sta be (x a) C G induces a surjection H G (pt) — » H' tabG ^ x ^(pt). 

Remark 1.2. Thanks to Lusztig [Lu90a] and Varagnolo-Vasserot [VV99], the 
quiver Schur algebras of type A also satisfy the properties (♦) and (Jit) by 
taking X as the spaces of nilpotent representations of cyclic quivers with fixed 
dimension vectors. 

For M £ A-gmod and i <E Z, we define 

[M : L x (i}] := dim Hom A (P A (i) ,M)eZ and 
[M : L x ] := gdim hom A (P X ,M) £ Z((t)). 

We have [M : L x ] = £ ieZ [M ■ L A (*>](>*' G Z((t)). 

We define A-gmod^ to be the full subcategory of A-gmod consisting of 
objects that admit finite resolutions by finitely generated graded projective A- 
modules (this is an additive category). For M G J 4-gmod p ^ and N G A-gmod, 
we define its graded Euler-Poincare characteristic as: 

(M,N) gEP := ^(-l) J gdimext^(M,iV) G Z((t)). 

Theorem 1.3. Assume the properties (4k) (♦).' 
i. We /lave 

[if A : L M ] = = [A' A : L„] for X ^ ^ and [K x : L x ] = 1; 
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2. For each \i ^ A, we have 

exf^Kx,^) = {0} and cxt' A (Kx, = {0}; 

3. For each A £ A, we have 

Kx = Px/(Y. Ae ^)-> 

4- Each Kx is a successive self- extension of Kx- In addition, we have 
[k x : L x ] = gd\mH^ ahG(xx) (pt). 

Remark 1.4. We can prove similar results if Stabc(xA) is not connected. This 
is the situation we encounter in [Kllb]. In fact, [Kllb] and the scmicontinuity 
of ext's imply a variant of Theorem 1.3 in the framework of [Lus88]. Thus, 
Theorem 1.3 for affine Hecke algebras is new only in the framework of [K09]. 

In the following Theorem 1.5 and Theorem 1.6, we regard each \Cx as a 
simple perverse sheaf of weight zero in the category of mixed sheaves on X via 
[BBD82] §5 and §6, and each Lx as a mixed (complex of) vector space of weight 
zero. I.e. each L\ is pure of weight i in the sense that the geometric Frobenius 
acts by g l / 2 id if we switch the base field to the algebraic closure of a finite field of 
cardinality q. It follows that the algebra A and its standard modules {Kx}xeA 
acquire (mixed) weight structures. 

Theorem 1.5. Assume the properties (♦) and (Jit). Then, each Px admits a 
(possibly infinite) separable A-module filtration so that its graded subquotients 
are (i) with /i ^ A and i > 0. In addition, if all of IC 7 (7 £ A) are pointwise 
pure of weight (see [BBD82] 5.1.8), then Px admits a finite separable A-module 
filtration so that its graded quotients are of the form K^ (i) with /i ^ A and i > 0. 

Theorem 1.6. Assume the properties and (Jfr). If the algebra A is pure in 
the sense A 1 has weight j (for each j € Z), then each Kx is pure. In particular, 
every \Cx is pointwise pure of weight 0. 

Remark 1.7. The extra assumption of Theorem 1.6 holds for every KLR algebra 
[Lu90a], affine Hecke algebra of type BC with 2-parameters [K09], and quiver 
Schur algebra [Lu90a, VV99]. In particular, Theorem 1.6 presents new proofs 
of pointwise purity of the equivariant intersection cohomology complexes in the 
latter two cases (see Corollary 5.6). 

The proofs of Theorem 1.3, Theorem 1.5, and Theorem 1.6 are given in 
section two and section four. 

Corollary 1.8 (of Theorem 1.3). The matrices K := ([Kx ■ L^\) and K := 
([Kx '■ Lfj]) are upper-triangular and invertible in Q((t)). 

Proof. Thanks to Theorem 1.3 1), K satisfies the desired property. Taking 
account into Theorem 1.3 4), we deduce that K is upper-triangular. Now the 
diagonal entries of K are invertible since they belong to 1 + iZ[t] by Theorem 
1.3 3). Therefore, we can invert the matrix K as desired. □ 
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2 DG-triangles and a proof of Theorem 1.3 

Keep the setting of the previous section. 

Lemma 2.1. For each A £ A, there exists a collection of objects {F t< Cx}i^z of 
Dq(X) with the following properties: 

1. F k C\ = IC A for k > and F k C\ = C A for k <C 0; 

2. For each k, we have a distinguished triangle 

— ► IC Afc [-d k ] -> F k C x -> F fc+1 C A in £>g(X), 

where X k £ A and d& is a non-positive integer; 

3. We have X k -< A and dfc < dfc+i /or every k. 

Proof. Since the embedding j' A is locally closed, it follows that the functor 
is right f-exact. For each m, the truncation T- m C A satisfies the following dis- 
tinguished triangle: 

— -> p F m (C A )[-m] -> r^ m C A -> t^" +1 C a ^ PiJ™(C A )[- 7 n + 1]. 

In addition, p H m (C\) must be supported on O a since all the constructions 
factor through the closed embedding O a C X. 

Each p H m (C\) is a G-equivariant perverse sheaf, which is a successive exten- 
sion of perverse sheaves on X obtained from constant local systems on G-orbits. 
Since the category of perverse sheaves on X (with respect to the stratification 
given by G-orbits) is artinian, p H m (C\) admits a Jordan- Holder scries 

{0} = E CE 1 C-..CE i = p H m (C x ) 

whose successive quotients are of the form IC A / for some A' -< A except for 
Ee/Ei-i in the to = case. Applying the octahedron axiom to 

r^ m C x Etl-m] +J 
T >rn+i CA _^ v H ™{C x )[-m\ - ( p H™(C x )/Ei) [-m] 

we obtain a complex fij™ with the following two distinguished triangles: 
— ► Ei[-m] r^ m C x -> fif -A ^[-m + 1] 

-> (Pfr"(C A )/£i) [-m] -> fit" -> r^" l+1 C A -±4 ("H^Ca)/^) [-m+1]. 

Notice that the canonical map T- m C A — > r- m+1 C A factors through fi™. Hence 
we obtain a distinguished triangle 

— > (£ ?+1 /^)[-m] -> fi™ -> fi™ x +4 (^ +1 /^)[1 - m] 

for each i. 

Therefore, by arranging the sequence fij™ with respect to the lexicographic 
order of (m, i), we obtain a collection of objects F l C\ with da = —to which 
satisfies the assertions except for F l C\ = C A for i <C 0. 
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Each of t- Ca is an object of Therefore, we deduce that each £™ 

belongs to D b G {%). Applying the forgetful map, we can regard £™ as a bounded 
complex of sheaves cohomologically constructible with respect to the G-orbits. 
Since the bounded derived category of the category of perverse sheaves is equal 
to D b (X), we conclude that PH m {C x ) = {0} for m < 0. This, together with 
the fact I < oo, implies F l C\ = C\ for i <C as required. □ 

For each k, we set 

P { x k) :=Ext^(F fe C A ,£). 

This is a collection of left A-modules so that P^ = P\ and P^ = K\ for 
fc < 0. By adding a trivial differential d of degree one on A = @iA l , we regard 
A as a DG-algebra (DG stands for differential graded). We sometimes regard 
P^°' as a left A-dgmodule with a trivial differential so that its grading coincides 
with its degree in the complex. 

Each P\ is a /C-projective A-dgmodule (with trivial differential) since it is 
projective as an A-modulc ([BL94] 10.12.1). Let T>a denote the derived category 
of the category of A-dgmodules ([BL94] 10.4.1). 

For each k, we have the following distinguished triangle of A-dgmodulcs: 

Note that since we deal with dgmodules, the shift functor is the same as the 
degree shift as A- modules (up to sign twists of differentials). 

Lemma 2.2. The algebra A is left and right Noetherian. 

Proof. Let C be the image of the natural map TJg(pt) — > A. Since i?£.(pt) is 
a polynomial algebra, we deduce that C is a Noetherian algebra. By (1.1), A 
is a finitely generated module over C. Hence, every C-submodule of A is again 
finitely generated. This particularly applies to every left or right A-submodulc 
of A, and hence the result. □ 

Lemma 2.3. Every finitely generated left A-dgmodule M with a trivial dif- 
ferential dhi admits a quasi-isomorphism from a finitely generated A-dgmodule 
(B(M),dB(M)) with the following properties: 

1. We have an isomorphism 

B(M)=0B s (M) 

as graded A-modules, where we have 

Bi{M)*± P\\j]® m ^i as graded A-modules; 

2. For each i>0, we have d B (M) (Bi(M)) C Bj_i(M) with B-i(M) := {0}; 

3. For each k G Z, the twisted degree k-part 

B t (M) k := 0B,(JI/) H C B(M) 

is finite-dimensional. 
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Proof. We have a graded projective ^-resolution 

>f 3 ^p 2 ^aAp ^m^o 

constructed so that Pj is the minimal projective module which surjects onto 
ker(Pj_i — > Pj-2) ( or ker(Po —> M) if j = 1). As M is finitely generated as 
a left A-module, we deduce that Po is finitely generated. Since the kernel of 
a map between finitely generated modules of a Nocthcrian algebra is finitely 
generated, we conclude that each Pj is finitely generated by induction on j . In 
particular, each graded piece of Pj is finite dimensional. 

Since M is finitely generated as a left A-modulc, there exists no £ Z so that 
M k = for every k < n . It follows that pV"'+^- i = {0} for i > 0. Therefore, 
the direct sum ®jPj[j] satisfies the third assertion. 

By setting B{M) := 0^ Pj [j] and 

d B (M) = {-l) j dj : Pj\j] — ► Pj-i\j - 1], 

we deduce an A-dgmodule which is quasi-isomorphic to M (and satisfies the 
requirement of the first two assertions) by setting / : B(M) — > M to be 
f(Pj [j] ) = {0} unless j = and / | P „ = d Q . □ 

Theorem 2.4 (Bernstein-Lunts [BL94] 11.3.1). In the setting of Lemma 2.3, let 
N be also a finitely generated A-dgmodule with a trivial differential d^- Then, 
we have 

H k (KRomv A (M,N)) = ext^(M, N) j . 

Proof. The original assertion [BL94] 11.3.1 is for A = i7£({pt}), but it carries 
over this case. The degree shift arises since the i-th term of a projective resolu- 
tion has degree shift i (a differential in an A-dgmodule has degree one, while a 
differential in a complex of graded A-modules has degree zero) . □ 

In this paper, we call an A-dgmodule (P,dp) projective if P is isomorphic 
to a projective (graded) A-module. A projective A-dgmodule (P, dp) is finitely 
generated if P is a direct sum of finitely many indecomposable projective mod- 
ules as (graded) A-modules. 

Proposition 2.5. An A-dgmodule {M,(Im) with a trivial differential admits a 
quasi-isomorphism from a finitely generated projective A-dgmodule M + if and 
only if there exists a finite interval I = [a, b] so that 

ext^(M, L A ) = {0} for every i <j£ [a, b] and A £ A. (2.1) 

In this case, if we additionally have 

dim ext^(M, L\) = n 

for some X, then we can arrange M + if necessary so that {P\[k]}k£Z appears 
exactly n-times in M + as direct factors of a graded A-module. 

Proof. We prove the first part of the assertion. 
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Assume that M admits a quasi- isomorphism from M + = (M + , d,M+), where 
AI + is a finitely generated projective A-dgmodule. By assumption, we de- 
duce that the complex Q) k Hom^M" 1 ", (J) A is bounded and has finite- 
dimensional graded pieces. Therefore, we deduce the assertion (=>• by Theorem 
2.4 and the fact that the homology of a bounded finite-dimensional complex is 
bounded and finite-dimensional. 

We prove the reverse implication. By Lemma 2.3, we deduce that 

dim ext^(M, L\) < oo 
for each i and A 6 A. By assumption, we deduce 

(J) dimcxt^M, L\) < oo. 

AeA.iez 

Since the projective A-dgmodule B(M) borrowed from Lemma 2.3 can be con- 
structed from a minimal graded projective A-resolution, we can rearrange it if 
necessary to assume that B(M) is finitely generated. This proves the <^)-part 
of the first assertion. 

For the second assertion, we only need to notice the procedures of the con- 
struction of M + only assigns a single copy of Pa to a one-dimensional ext. □ 

Corollary 2.6. A graded A-module M belongs to A-gmod p ^ if and only if M 
admits a quasi- isomorphism from a finitely generated projective A-dgmodule. □ 

Corollary 2.7. Assume that P[ admits a quasi-isomorphism from a finitely 

(k—l) 

generated projective A-dgmodule. Then, P^ also admits a quasi-isomorphism 
from a finitely generated projective A-dgmodule. 

Proof. Straight-forward by Proposition 2.5 and the fact that MHomp^ is a tri- 
angulated functor. □ 

Corollary 2.8 (of Corollary 2.7). Let A £ A and regard K\ as an A-dgmodule 
with a trivial differential. We have: 

1. K\ G A-gmod p/ ; 

2. there exists a projective A-dgmodule M + so that: 1) M + admits a quasi- 
isomorphism to K\, and 2) M + is a direct sum of one copy of P\ and 
finitely many copies of {-P^[fc]} M ^A,fcez as a graded A-module. 

Proof. The first assertion follows from Corollary 2.7. For the second assertion, 
we apply the second part of Proposition 2.5 to the construction of P\° • □ 

Proof of Theorem 1.3. For fi ^ A, we have jjjC^ = i^} by the su PP or t condi- 
tion. It follows that 

[K X : L, (i)] = dimExt^ (x) (C A) IC M ) = dimExt^^ (C A ,j A IC„) = 0, 

(2.2) 

[K\ : (i)] = dimir+ dimJ HlC M = (2.3) 
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for every ieZ. In addition, we have 

fdimO,,;! = J 

(i^O) 



[^:L A ( l )]o=dim^+ dlmtJ ^^IC A =r J* " °} . (2.4) 



This proves Theorem 1.3 1). 

By Corollary 2.8 and (2.2), it is straight-forward to see 



ext^A,-^) = {0} (2.5) 



unless /j, ;< A. This is the first part of Theorem 1.3 2). 
This, together with (2.2) implies 

bom A (Kp,L x ) = {0} (2.6) 

except for the case A = \i. 

Therefore, we deduce a well-defined map 

Ai^A 

Let ker := keripx and coker := coker ip\. Each simple quotient of ker is of the 
form L 7 (i) with 7 / A and i > 0. If ker 7^ {0}, then the long exact sequence 
shows 

ext^(X A ,L 7 ) ? {0}, 

which contradicts with Corollary 2.8 2). Therefore, we conclude that hd ker = 
{0}. Each simple quotient of coker is of the form L 1 (k) with 7 >r A and k > 0. 
By (2.6), the head of coker is isomorphic to a direct sum of {La (fc)}fcez- We 
have 

[K X : L\ (i>] = dimErf-^^(C A ,i A IC A ) = diml&^^pt). (2.7) 

This proves the latter half of Theorem 1.3 4). 
Thanks to (Jit) 2, we have the following map 

H' G (pt) — » Hl t3bGix Jpt) - Ext£(CJdimQ A ], j A IC A ) (2.8) 

= Ext^((j A ) ! C A [dimO A ], IC A ) C K x . 

Since H G (pt) is the multiplication of cohomology class of the base space BG, we 
deduce that H G (pt) maps to the center of A. The above map (2.8) implies that 
every graded composition factor of K\ isomorphic to L A (i) (i > 0) is reached 
from L\ by applying the action of the center of A. Therefore, ip\ must be 
surjective, and hence it is an isomorphism. Therefore, we conclude Theorem 1.3 

3 )- 

For each / E hom A (Kf N ° , K x ) d with some No, d > 0, we see that 

ext£(ker / © coker/ [- 1], K 7 ) ^ {0}, 

ext^(ker / © coker/ [- 1], L 7 ) ^ {0}, or 

ext^(/? 5 ,ker/ © coker/[-l]) ^ {0} (2.9) 
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only if 7 ^ A or S >z A by the long exact sequences applied to (2.5). It follows 
that every simple quotient of coker/ or ker / is isomorphic to L\ (k) for some 
k. Therefore, wc conclude that coker/ admits a surjection from Kf Nl for some 
Ni > as A-modulcs. In addition, we have 

ext^(coker/, K 7 ) + {0}, or ext* A (K s , coker/) ^ {0} (2.10) 

only if 7 ^ A or 6 y A, respectively. 

By the assumption (X), we deduce that 

H£ k (O x )® c K x cK x 

is an A-submodulc for each k. Therefore, K\ admits a decreasing filtration by A- 
submodulcs whose graded quotients are direct sums of A-modules whose graded 
composition multiplicity is the same as K\ up to uniform shifts. In addition, 
this exhibits that K\ is a quotient of K\. Hence K\ must be indecomposable 
and it is generated by a single copy of L\ sitting at degree 0. 

Here the action of Hq(Q\) is achieved by the center of A, which commutes 
with all the multiplications by A. It follows that K\ is a successive extension 
of K\, which is the first part of Theorem 1.3 4). 

By the multiplicity estimate (2.4), we conclude that the natural surjection 
K\ — » K\ obtained by forgetting the cquivariant structure, is of the form 

V ® c P*/(J2 Ae ^) — ► P */(J2 Ae^Px) — > K\ —> (exact), 

where V G vec is the multiplicity-space. 
In particular, (2.10) implies that 

ext^(X A ,i? 7 ) ^ {0}, or ext* A (K s ,K x ) ^ {0} 

only if 7 X A or S >z A, respectively. By applying similar argument as above to 
K 1 or K$, we conclude the second half of Theorem 1.3 2), which completes the 
proof of Theorem 1.3. □ 

3 Applications of Theorem 1.3 

Keep the setting of the previous section. 

Lemma 3.1. For each A G A, we have dimA'^ < oo. 

Proof. The assertion is equivalent to dim H*i' x C < oo, which follows from i' x : 
D b (X) D b ({x x }) and C G D b (X). □ 

Corollary 3.2. For each A G A, the A-module K\ has a finite composition 
series. □ 

Corollary 3.3. For each A G A, the A-module K\ is quasi-isomorphic to a 
finitely generated projective A-dgmodule. 

Proof. By Theorem 1.3 3) and 4), we have endA(^) = #stab G (x A )(pt)- The 
latter is a polynomial ring. Therefore, K\ admits a (finite length) Koszul type 
resolution by K\. Therefore, Corollary 2.8 implies the result. □ 
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Corollary 3.4. For each A G A, the A-module L\ is quasi-isomorphic to a 
finitely generated projective A-dgmodule. In particular, L\ admits a projective 
resolution of finite length. 

Proof. For the first assertion, combine Corollary 3.3, Corollary 3.2, Theorem 1.3 
1), and the fact that RHoniu 4 is a triangulated functor. The second assertion 
follows by Corollary 2.6. □ 

Theorem 3.5. Assume the properties (♦) and (Jit). Then, the algebra A has 
finite global dimension. In other words, we have A-gmod p ^ ^—t A-gmod. 

Proof. The graded algebra A is (left and right) Noether, and is Morita equiv- 
alent to B. The graded algebra B is non-negatively graded and B° is (canoni- 
cally isomorphic to) the semisimple quotient of the Jacobson radical B >0 of B. 
Therefore, we apply Li's result [Li96] to Corollary 3.4 to conclude the result. □ 

For each M G A-gmod, we define its graded character as: 

gchM := ^[M ■ L a][£a] e®Z((())[L 1 ], 
AeA AeA 

Lemma 3.6. Each of the collections {gchKx]\ e ^ and {gch K\}\ e A is aZ((t))- 
basis o/0 AeA Z((t))[L A ]. 

Proof. The first assertion is a direct consequence of Theorem 1.3 1) and 4). For 
the second assertion, we use the fact that gchP\ = [L\] modulo tZ[t] (and each 
clement of 1 + iZ[t] is invcrtible). □ 

For each M G A-gmod, we have collections of elements [M : P\], [M : K\) 
and [M : K\] in Q((t)) so that 

gch M = ^[M ■ p x] g ch p x = I M : K ^ S ch Kx = l M : ^ S ch ^ 

AeA AeA AeA 

Thanks to Theorem 3.5, every module in A-gmod can be a variable of the 
graded Euler-Poincare pairing. 

Lemma 3.7. If M G yl-gmod is finite-dimensional, then its graded dual M* 
belongs to A-gmod. In addition, we have 



[M-.L^] = [M* : Lip] . 
Proof. See Lemma 1.1 and [Kllb] Lemma 2.5. □ 
Proposition 3.8. We have 



ext A (K x ,K„) = { {Q} {othermse) , and(K x ,K^ gEp = l ^ ^ 



Remark 3.9. Proposition 3.8 can be seen as the "dual picture" of Mirollo-Viloncn 
and Bcilinson-Ginzburg-Soergel [MV87, BGS96], or the equivariant picture of 
Chriss-Ginzburg [CG97] §8.7. 
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Proof of Proposition 3.8. By Corollary 2.8 2) and Theorem 1.3 1), we deduce 
the case fi-^X. 

In the case of fi -< A, we derive 

horn A (M,N) =S hom A (A*, AP) 

to deduce that 

cxt^(/v, K* x ) = {0}, and A^) gEP = (3.1) 

from Corollary 2.8. We have a separable decreasing filtration {P fe ATA}fc>o so 
that its associated graded is a direct sum of grading shifts of K x by Theorem 
1.3 4). We have 

limcxt^, (F k K x )*) - C xf A (K^(F k K x y) = {0}. 

Therefore, (3.1) is equivalent to the (remaining part of the) assertion. □ 

Corollary 3.10. We have 

(k x ,k;) sEP = o (a^m). 

Proof. The anti-linearity of (E,F) gEp with respect to E and Theorem 1.3 4) 
implies the result (cf. (3.1)). □ 

Corollary 3.11. Assume the properties (♦) and (Jit). Then, we have 

[P\ : Kfj] = [Kfj, : L\] for each A, (j, E A. 

Proof. We have 



5x,» = (Px,L;) gEp = [ft ■■ K" 7 ][L M : Kg) (^r»^i /gt 

7,6 



= ^[P A :A 7 ][L /i :A 7 ] 

7 

by Proposition 3.8. By applying the bar involution, this shows 

([Pa : kj]){[K s : L^ 1 = (<5 A>M ), 
which is equivalent to the assertion. □ 
Corollary 3.12 (Cartan determinant formula). We set 

[P : L] := ([Pa : ^Da^a = «P M , Pa^a^a 
as i/ie square matrix of size #A. We Ziawe 

det[P:L]=ngdim^ tabo(:c , ) ({pt}). 

AeA 

Proof. As in the proof of Corollary 3.11, we factorize 

[P : L] = [P : K][K : K][K : L], 

where the matrices in the RHS are the #A-square matrices consisting of the ex- 
pansion coefficients between projectives/dual standards, dual standards/standards, 
and standards/simples. By Theorem 1.3 1), the determinant of the third matrix 
is 1. By Theorem 3.11, the determinant of the first matrix is also 1. Hence, the 
result follows from Theorem 1.3 4). □ 



16 



4 Proofs of Theorem 1.5 and Theorem 1.6 



Keep the setting of the previous section. 

Lemma 4.1. Let j : 2) <—} X be the inclusion of an open G-stable subvariety. 
Then, 2) satisfies the conditions (4k) and (4») if X does. 

Proof. The condition (4»)i is satisfied since all the restrictions to orbits (in 2J) 
factor through j. Since the other conditions become weaker by the restriction 
to any G-invariant subset, we conclude the result. □ 

Let j : 2J <-» X be the inclusion of an open G-stable subvariety We form a 
graded algebra 

A (c,m := Ext c(.f Ai* £)■ 

Proposition 4.2. Let i : G)\ ^ X be the inclusion of a closed G-orbit {with A G 
A), and let j : 2) X be its complement. Then, A^q^ is the quotient of A(q ^) 
obtained by annihilating all simple A(q ^-module constituents isomorphic to 
L\ . In addition, its kernel admits a finite length graded A-module resolution by 
{Kx(k)} k &. 

Proof. By Morita equivalences, we switch to the basic rings and denote them 
by A' := B^q^ and A := B^q^)- In particular, we assume that the both A 
and A 1 are non- negatively graded rings. 

The algebra map A — > A' is the restriction map 

Ext G (£,C) — > Ext G (j*£,j*C) - Ert G (f£,f£), 

where we used j* = j' for an open embedding j. It follows that this map, viewed 
as a left A-module, is given by 

Ext G (c,c) — ►Ext^O'irA^). 

We have a distinguished triangle 

— > j\j''C — > C — > i*i* C ^—t . 

Let us write the resulting distinguished triangle as left A-dgmodules as: 

->> K -)■ A -> A' . 

The sheaf i*i* C is presented as a finitely many successive distinguished tri- 
angles between {CA[&]}fcez since it is a constructible sheaf with respect to the 
closed G-orbit Q\. It follows that K is presented as a finitely many successive 
distinguished triangles between {K\[—k]}k^z as an ^-dgmodule. By Propo- 
sition 2.5 and Corollary 2.8, we deduce that K admits a quasi-isomorphism 
from a finitely-generated projective A-dgmodulc whose direct summands are 
{P\[—k]}kez- In conjunction with Theorem 2.4, each A ^ \i G A satisfies 

ext' A (A, = ext" A (A', L„) (4.1) 

as ungraded vector spaces. 

Thanks to the projectivity of A and Theorem 2.4, we conclude that 

ext A (A, L^) j = {0} unless i = = j. 
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By the construction of A and A', it follows that the map A — > A' gives rise to an 
isomorphism between their simple quotients isomorphic to (with A ^ /( e A). 
It follows that 

ext A (A', L^y = {0} unless i = = j, 
by dimension counting, and we have 

ext^L^ext^A',!^). (4.2) 

In addition, we have [A' : L\]a = since L\ is the multiplicity space of ICa 
in C and J'ICa = {0}. This implies that A' is obtained by annihilating all the 
L\ in its projective cover as left A-modules. 

For each A ^ e A, we set 

p lr-=pj{ £ w). 

fehom A {Px,P„) 

The above analysis implies that A' is a direct sum of {P^ (&)} M ^A,fcez as a left 
A-module. 

The map A — > A' gives rise to a surjection between quotients by their 
(graded) Jacobson radical. In particular, the kernel of the map A — > A 1 is 
generated by L\. 

If the map A — > A' is not surjective, its cokernel surjects onto some L\ (k) 
with k > by (4.1) and mapping cone argument. This is impossible since 
[A' : L\\a = 0. Hence, the map A — > ^4/ must be surjective. Therefore, we 
conclude the first part of the assertion. 

Thanks to (4.2), we have 

ext^(A", Lp) = {0} for every A ^ £ A. 

Since K\ is a projective graded A-module with simple head L\, we deduce 
the second assertion by taking the minimal projective resolution as (graded) 
A-modules (from Theorem 3.5). □ 

Corollary 4.3. Let j : 2) <->■ X be the inclusion of an open G-stable subvariety. 
We have 

ext* A (A, L/j) = ext^(A( G> 2)),L M ) 
for every (i G A so that O m C 2) . 
Proof. By Corollary 2.8, we have 

ext A (K\, L^) = {0} for every A -< fx. 

Taking account into this, a repeated application of Lemma 4.1 and Proposition 
4.2 yields the result since we have (4>)i- □ 

Proof of Theorem 1.5. We switch to the basic ring P(g,£) an d still call it A for 
the sake of simplicity. 

Let A £ A be the label of a closed G-orbit in X. We set J := Ae\A, where 
e\ is the idempotent of A corresponding to Pa- By Proposition 4.2, we have a 
short exact sequence of A-modules: 

-> K — > P M — ► P„/ JP M ->. 0. 
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In addition, the A- module K admits a finite resolution by K\. Therefore, 
Theorem 1.3 implies that K is a (possibly infinite) successive extension of K\. 
Repeating this construction by using Lemma 4.1 and (40i , we conclude that 
each P M admits a finite separable filtration whose graded quotients are (possibly 
infinite) extensions of {K 1 («)} 7 ^p,i>o- 

By our rearrangement of A, each is concentrated in non-negative de- 
grees, and each of its graded piece is finite-dimensional. In addition, each K 1 is 
concentrated in finitely many degrees (by its finite-dimensionality). Therefore, 
constructing P^ from by applying possible extensions by {K 1 (t)} 7 _<M.«>0 
(compatible with the above filtration) yields the (quotients of the) desired fil- 
tration. 

For the second assertion, observe that 

K = Exto(i,i*IC M ,£) = Ext^m*!^, C) = Eid G (i*\C^,i ] jC), 

where i : Oa ^ X. Now the pointwise purity asserts that vC is a direct sum 
of shifted perverse sheaves (or rather local systems) by [BBD82] 5.4.5, 5.3.8. 
Therefore, we deduce that K is isomorphic to a finite direct sum of K\ as 
required. □ 

Proof of Theorem 1.6. Let O a be a closed G-orbit of X. We set O a = X\2J. 
By Lemma 4.1, and Proposition 4.2, we have a natural short exact sequence as 
graded left A^^) -modules 

-> K -> A (GiX) -> A {G>m -¥ 0. (4.3) 

This particularly shows the purity of -A(g,£) implies that of At G sQy By the 
second assertion of Proposition 4.2 and Theorem 1.3 4), we conclude that K 
is a successive extension of K\. Therefore, (4.3) also shows the purity of K\. 
Since we have 

K x = H'r x £[dimO\] D L x ®H'i x \C 7 {dimO\] with L 7 ^ {0} for every 7 e A, 

we conclude that each IC 7 has weight > along x\. Since the Verdier dual on 
the variety pt is the graded dual as a vector space and we have DIC 7 = IC 7 (as 
mixed sheaves, [BBD82] 5.1.8) by our choice of weight of IC 7 , we conclude that 
IC 7 has also weight < along x\. Hence the weight of IC 7 along x\ is for 
every 7 e A. 

Now we apply the same argument repeatedly by replacing X with 2) (and 
choose a closed G-orbit of 2)) to proceed the induction. Since we have (4k)i, the 
induction yields the result. □ 

5 A proof of Shoji's conjecture for type B 

Let G = Sp(2n, C) be a symplectic group, and let V\ be its vector representation. 
We set V 2 := A 2 Vi and V := V\ © V-z- We fix a maximal torus T C G and a 
Borel subgroup B C G so that T C B. Let W := N G {T)/T. Let X*(T) be the 
character lattice of T, which we may identify with the cocharacter lattice via a 
VK-invariant perfect pairing. We fix a basis ei, e 2 , . . . , e„ of X*{T) so that the 
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set R of coroots of G and the set R + of positive coroots with respect to B are 
presented as: 

R := {±e t ± e,-}^ U {±e^ l =1 D {e t ± ej}«j U {ej? =1 =: i?+ 

For each [3 e X*(T), let V[/3] be the weight /3-part of V. Note that we 
have dimV[/3] < 1 unless /3 = 0. We set V+ := 0^ eR+ V[/3] C V, which is a 
B-submodule. We consider a G-equivariant vector bundle F :— G x B V + and 
a composition map 

/i:FhGx b V = G/B xV-^V, 

which is again G-equivariant. We denote the image of \i by 9t and denote the 
resulting map F — > ?! again by /i. 

For each x € 91(C), the composition map /i -1 (:c) ^ F — ► G/£? is injective. 
It induces a map 

l;c :fr.0i _1 (x),C) —>H.(G/B,C) 
between the Borel-Moore homologies (see [CG97] §2 for example). 

Theorem 5.1 ([K09] and Lusztig-Spaltenstein [LS79]). We have: 

1. The variety *Tt has finitely many G-orbits; 

2. For each x £ 91(C), the group Stabc(x) is connected; 

3. The map fi is semi-small, and hence /i*C[dimi 7 '] is a direct sum of G- 
equivariant simple perverse sheaves; 

4-. The sheaf C := /i»C[dimF] contains all G-equivariant simple perverse 
sheaves as its direct summands; 

5. We have 

A := Ext^ (OT) (£,£) = CW k C[t], 

where <CW is a group algebra of W sitting in degree and C[t] is a poly- 
nomial algebra generated by i* in degree 2; 

6. The odd-part of the Borel-Moore homology H dd{t l ~ 1 {x),C) vanishes; 

7. Let d x = 2 dim^ 1 (x). Then, i x Hd :c (lJ,~ 1 (x),C) is an irreducible W- 
submodule of H,(G/B,C) which we denote by L x ; 

8. Let H— m (G/B,<£) C C[t*] be the harmonic polynomial realization ([CG97] 
§6 with the convention deg t = —2). Then, the module L x = L x (—d x ) is 
the unique maximal degree realization (of an irreducible W -module) ; 

9. There exists a reflection subgroup W x C W and a polynomial p x G L x so 
that Cp x is the maximal degree realization of a one- dimensional represen- 
tation ofW x inside C[t*]. 

Proof. The first six assertions are contained in [K09] as: The first assertion is 
Theorem 1.14, the second is Proposition 4.5, the third is Theorem 1.2, the fourth 
is Theorem 8.3, the fifth is Proposition 8.1, and the sixth is Theorem 6.2. The 
seventh assertion follows from [Klla] Lemma 7.6, Theorem 10.7 and [CG97] 
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Theorem 6.5.2 (or rather its proof). The eighth and the ninth assertions follow 
from Lusztig-Spaltenstein [LS79] (cf. [Klla] Theorem 10.5). Here p x = D(p,,i/) 
in [Klla], and W x is the product of smaller Weyl groups of type BC obtained 
as the entries of *// and t v (see [Klla] for precise convention). □ 

Since the t* C A in Theorem 5.1 5) is the hyperplane sections (cf. [K09] §8), 
we deduce that each i x is an A-module map. 

Proposition 5.2. In the notation of section one, we have: The G-variety 9T 
satisfies the conditions (4k) and (Jit). In addition, we have A = ArQ^y 

Proof. Theorem 5.1 1) and 2) asserts (4k), 3) and 4) imply that the algebra A 
(in Theorem 5.1 5)) is the one we described in section one, and 6) yields (4»)i- 
We show (ft) 2- By [K09] Corollary 4.7, we deduce that the reductive part 
of the group Stabc(x\) is a product of symplectic groups, say Sp(2ni) x • ■ ■ x 
Sp(2n k ). In addition, each of these symplectic groups preserves blocks (cf. 
[K09] Definition 1.11 with £ — 0) of the same length, say ji,...,jk: respec- 
tively. It follows that (a suitable choice of) the reductive part of the embedding 
StabG^x) C Sp(2n) factors through 

Sp(2n 1 ) x • • • x Sp(2n k ) ^ Sp(2n 1 ) jl x • • • x Sp(2n k ) jk ^ Sp(2n), 

where the first embedding is the product of diagonal embeddings Sp(2n{) C 
Sp(2ni) Ji and the second embedding is diagonal (in the sense the restriction 
of T yields the maximal torus; we have — n )- Therefore, we have the 

corresponding embeddings of maximal tori 

Ti x • ■ • x T k ^ Tf x • • • x T 3 k k ^ T. 

Since j\, . . . ,j k are all distinct, we deduce that 

(*) a lift w € Nq(T) of w G W preserves Ti x • • ■ x if and only if Adw 
preserves each Tj. 

Here we have 

k k 

tfstaM*,)(pt) = 0ffsp(2nO Cpt) = (g) ^ (pt)^, 
i=l i=l 

where Wi := A^g p (2„ i )(Ti)/Tj. Therefore, (*) is enough to deduce that the 
restriction map H^(pt) — )• ®f =1 ffy. (pt) yields the surjective map 

k 

H' G ( P t) = H* T ( V t) w 0ff^( P t)^ = i/ s ' tabG(;CA) (pt). 

i=i 

This is (*) 2 . □ 

Thanks to Proposition 5.2, we can apply the machinery and notation of 
section one. In particular, we have A = G\ s fl and its closure relation -<. 

We set A n := A and replace x with the label A £ A so that x <G Oa(C) in 
the below. For each A £ A and x\ 6 Oa(C), we have 

K\ = ff*i A £[dimO A ] = i^i^dim O a ] 

= J H- i ^ M *C[dim^ + dimO A ] S Wfa-^xx), w[-d x ]), 
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where ui is the dualizing complex of ^ 1 (x\) and the last equation follows from 
the base change (and semi-smallness for the grading). This implies that K\ = 
H^,{^r 1 {x\)) (d\) as graded ^4-modules. 

Recall that each K\ is a graded A-module presented as: 

Kx = Pxl lm f 

/ehomA(P M ,PA) >l Vr<A 

by Theorem 1.3 3) and 4). In other words, K\ is a P-tracc in the terminology 
of [Kllb]. 

Theorem 5.3 (Shoji's conjecture [Sho04] 3.13). For each distinct A, yu G A, we 
have 

(K x ,K;) g£p = 0. (5.1) 
In addition, each i\ is an inclusion of A-modules. 

Remark 5.4. Thanks to [AH08] §5 and [Kllb] 2.17, Theorem 5.3 verifies [AH08] 
Conjecture 6.4 (2) since the both sides obey the same Lusztig-Shoji algorithm 
up to substitution t i-> t 2 . 

Proof of Theorem 5.3. The original conjecture of Sho ji [Sho04] 3.13 is stated as 
a statement on the Lusztig-Shoji algorithm on limit symbols and its relation with 
coinvariants. The equivalence of the Lusztig-Shoji algorithm [Sho83, Sho88] 
with (5.1) is [Kllb] Theorem 2.17. The compatibility of the orders arising from 
limit symbols and orbit closures of 9t is proved in Achar-Henderson [AH08] 
Theorem 3.9 and Theorem 6.1. Therefore, we apply Corollary 3.10 to deduce 
the first part of the assertion. 

We prove the second assertion. Let M\ := i\K\ (—d\). Since K\ has simple 
head as a graded ^4-modulc, the A-module M\ is obtained by the .A-module 
saturation of L\ (where the natural C[t]-action is via the derivations). By the 
P-trace presentation of K\ and Theorem 1.3 1), the injectivity of i\ is equivalent 
to 

ext\(M A ,i^) = {0} for every A -< fi. (5.2) 

If W\ = W, then we have L\ = sgn or Ssgn by [Kllb] Fact 4.1. We prove the 
assertion (5.2) in the both case. These cases correspond to a) x\ = 0, and b) 
©a = (Vi \ {0}) © {0} C V, respectively. For the case a), the assertion M\ = 
K\ (-d x ) is standard since the both sides are (C[t]/ (C[t]^))* and H_.(G/B), 
respectively (cf. [CG97] §6.4). For the case b), the (G-equivariant) composition 
map F — > OT — > Vi is surjective, and is regular along xx- It follows that fi~ 1 (xx) 
is a smooth projective variety. In particular, we have the Poincare duality 
A'* = K x (—dx), which intertwines the action of the hyperplane sections. Since 
dim Lx = 1, the module Kx has simple head as a C[t]-module. Therefore, we 
conclude that Kx (—dx) must have simple socle of degree 0. By construction, 
we also have ^ {0}. This forces K x {~d X ) = M\. 

In the below, we examine the case Wx ^ W. If we have A -< (i, then we have 
Cpx as VKA-modules by dx > d^ and Theorem 5.1 9). 

Let A x := CW X x C[t] C A. We have A x # A by W x # W. We define 
as the ^A-submodule of M x generated by Cpx- We have 

CWM^ = M x (5.3) 
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by CWA X = A. Since the both of CW and CW X are semisimple algebras, an 
element of ext\(M\, L^) induce an extension as ^-modules. In particular, the 
non-vanishing of the LHS of (5.2) implies 

ext^ A (M^,L M ) ^ {0} for some A -< /i 

from (5.3). By induction on n, we deduce that = 1 K Xz if A x = W?L Y A ni 
with 5^ i=1 rii = n. By Corollary 2.8 2), each direct summand of the minimal 
projective resolution of as a graded ^-module i s f the form Kl™ 1 P li with 
7i \ for every z = 1, . . . , m up to a grading shift. It follows that 

for some A -< [i if (5.2) fails. By Theorem 5.1 9), the WVmodule K-" 1 L 7i is 
realized inside C[t*] only at degree 

m m 

Therefore, we deduce ext\(M\, L^) = {0} also in the case W\ ^ W, and this 
finishes the proof. □ 

Corollary 5.5 (Achar-Henderson [AH08] Conjecture 6.4 (1)). For each A,/i £ 
A, we have [K x : = t k Q(t 4 ) for some k > and Q £ N[t]. 

Proof. By [Kllb] Fact 4.1 (1) and (6), if L\ corresponds to a bi-partition 
(A (0) , A (1) ), then each L M C (t*)®' ® c La (Z > 0) corresponds to a bi-partition 

/iW) with - |AW| ee Z mod 2. Since P x = C[t] (8 L A as graded 

modules (cf. [Kllb] §1), we deduce [P x : L^] = t k 'Q'{t A ) for some k' > and 
Q! £ N[i]. As AT A is a quotient of P\, we conclude the result. □ 

Corollary 5.6. For each x £ 0t(C), the variety ^i~ 1 (x) has a pure homology. 

Proof. The existence of an affine paving of the variety F X<n F can be read off 
from [K09] Lemma 1.5. This implies the purity of A by [CG97] §8. Therefore, 
we apply Theorem 1.6 to Proposition 5.2 to conclude that each G-equivariant 
simple perverse sheaf of weight is pointwise pure of weight 0. The result now 
follows by the definition of K x . □ 

Appendix: Coinvariants and Lieb-McGuire systems 

We work in the setting of section five. We set a) 7 := ej — e, + i for each 1 < i < n 
(with e„+i := 0). We fix two parameters m,r £ K. Let % r ,m be the algebra 
which contains the group ring <CW and the polynomial ring C[t] = C[ei, . . . , e„] 
with the following properties: 

1. W.r,m = CW ®c C[t] as vector spaces; 

2. For each 1 < i < n and each / £ C[t], we have 



Si- f - Si f -Si = 



where w f (w £ W) denotes the natural w-action on C[t]. 



f- Sn f 



(i ± n) 
(i = n) 
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Let e be the idempotent of CW corresponding to the trivial representation. 
We have an isomorphism C[t] 3 f >-> fe 6 % r . m e, by which we regard C[t] as a 
representation of H r , m ■ 

We define an anti-isomorphism f : TL r ,m — > T~L- r ,m as: 

s\ := Sj, and et = — Ej for every 1 < i,j < n. 

The center of % r ,m is isomorphic to Cft]^ via the natural inclusion (see 
[Lus89]), and hence each VT-orbit W^j (which wc may simply denote by 7) of 
t defines a central character C[t] w — > C (=: C 7 ). Let Irr 7 H r ,m be the set of 
isomorphism classes of irreducible 'H r . m -modules with a central character 7. 

Theorem A.l (Hcckman-Opdam [H097]). LetlZ be the space of C°° -functions 
with respect io £1, . . . ,£„ for which acts by We set C[t*] := C[£i, . . . , £„] C 

n. 

1. There exists a T-L- r>m -action on 7Z so that the pairing 

C[t]xft9(P,/)H>(P/)(0)eC (A.4) 

interchanges the H r ^ m -module structures on C[t] with the H.- r ^ m -module 
structures o/C[t*] andlZ as: 

(TP, f) = (P, Tt/) for every T £ U r , m , P € C[t], and f 6 TZ; 

2. For each 7 6 t, there exists a unique non-zero function 7 £ TZ up to 
scalar such that: 

C[t] M/ 7 = C 7 as <C[t] w -modules; and W acts on C<^> 7 by triv; 

3. If we set M 7jTO := %_ r-m 7 , then it is irreducible as a l-i^ rm -module. 

The algebra TL r , m specializes to A (in §5) by setting r = 0. 
We put G = G x (C x ) 2 . We consider the following condition (*) on a = 
(s,q)eG: 

(*)o Q = (°J n , q), where q — e r <E R>i and m£l; 
(*)! s = exp(7) with 7 6 t(R). 

Theorem A. 2 (Standard modules, [K09] §7, §9). Assume that a 6 G satisfies 
(★). Let v EY so that av = v. We have a %- r>m -module 

which is isomorphic to K\ for some X £ A as W -modules. 

Theorem A. 3 (eDL correspondence, [K09], §10). Assume that a <E G satisfies 
(*). Then, we have a one-to-one correspondence 

Irr 7 ft_ r , m 3 L (a .„) f^ue Z G (s)\V a . 

Moreover, Lr a , v ) * s a quotient of M^ a v ^ as a H^ r m -module. 
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Lemma A. 4. Let L C C[t*] be a homogeneous W-submodule isomorphic to L\ 
for some A G A. Then, we have 

K\ {-dx) C AL. 

Proof. By Theorem 5.1 9), Cpa C K\ (—dx) C C[t*] is a one-dimensional rep- 
resentation of Wx which is its maximal degree realization. Let C[t*]"^ denote 
the W^-invariant part of C[t*]. 

There exists q G L for which CW\q = CWxPx as (one-dimensional) W\- 
modules. It follows that we have a factorization 

q = px-r with r£C[t*f>. 

There exists Q + G C[t] so that Q + q = 1 G C[t] by the non-degeneracy of the 
pairing (A. 4) restricted to C[t*] C TZ. Here we can rearrange Q + if necessary 
to assume that CQ + is isomorphic to Cp\ as a W^-module. It follows that 
Q + admits a factorization Q + = PQ, where P G C[t] is the minimal degree 
realization of Cp\ inside non-negatively graded ring C[t], and Q is 14^-invariant. 
By the comparison of degrees, we conclude that ^ Qq G Cp\, which implies 
the result. □ 

Theorem A. 5. Let 7 G t. Then, there exists A G A so that the vanishing order 
of M m _ 7 along induces a graded W -module structure equal to K\. 

Remark A. 6. In Theorem A.l, the function <f> 1 gives rise to a unique (up to 
scalar) solution of the Lieb-McGuire system so that C[f)] w ' acts by 7 along the 
set of regular points of f) (sec [H097] for detail). In this sense, the vanishing 
order filtration of M mi7 measures the structure of the Taylor series of 

Proof of Theorem A. 5. For each / G TZ, let It / denote the maximal degree non- 
zero homogeneous component of the Taylor expansion of / along (remember 
that our degree counting on TZ is nonpositive) . Then, the vanishing-order filtra- 
tion of M mn is transformed into the graded structure of the module 

grAf m , 7 := {It / | / G M TOi7 }. 

Since M mn is C[t]-stable, so is the space grM mi7 . Here [H097] formula (2.1) 
implies that s, G W acts on C[t*] by letting Sj acts by the natural homogeneous 
action and adds some lower order terms. It follows that grM m . 7 C C[t*] is 
an A-submodule. Here M m . 7 contains triv as a W^-module. It implies that the 
irreducible module M ma is isomorphic to some standard module in the sense 
of Theorem A. 2 (cf. [CK11] Corollary 1.20). Hence, Theorem A. 3 asserts that 
grM mi7 = K\ as a VK-module for some A G A. By Theorem 5.1 8), we deduce 
that the image of the natural composition map 

^:L A ^grM m , 7 cC[f] 

lands in degree < — dx- Since dim Homw(Lx, M m y) = 1, we conclude that 
Im. ip is homogeneous. If Im ip = L\ (i.e. the degree is — d\ by Theorem 5.1 
8)), then we have gr M mrl = K\ {—d\} by the inclusion as j4-modules and the 
comparison of dimensions. 

If Im tp is of degree < — dx, then Lemma A. 4 implies that dim Homiy (L\, M m . 7 ) > 
2. Hence, this case cannot occur as desired. □ 
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